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1. Introduction 
An almost Hermitian manifold M = (M, J, g) is called an almost K2hler manifold if the 
Ktiler form is closed (or equivalently ex,y,z g ((VxJ)Y, 2) = 0 for X, Y, Z E E(M), where 
6 and E(M) denote the cyclic sum and the Lie algebra of all differentiable vector fields on M, 
respectively). A K2hler manifold, which is defined by V J = 0, is necessarily an almost KMer 
manifold. A non-K;ihler almost KSihler manifold is called a strictly almost K5hler manifold. It is 
well-known that an almost KMer manifold with integrable almost complex structure is a Kahler 
manifold. Concerning the integrability of almost Kalrler manifolds, the following conjecture by 
S.I. Goldberg is known ([l]): 
Conjecture. A compact almost Ktihler Einstein manifold is a Kiihler manifold. 
The last author has proved that the above conjecture is true for the case where the scalar 
curvature is nonnegative ([6]). However, the above conjecture is still open in the case where 
the scalar curvature is negative. Concerning the above conjecture, Z. Olszak has proved that ‘a 
2n(3 Q-dimensional almost K2hler manifold of constant sectional curvature is a flat K&hler 
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manifold ([5]). Recently, the second and the third author proved that 2n(> 4)-dimensional 
hyperbolic space El*” cannot admit a (compatible) almost Kahler structure ([3]). Furthermore, 
they constructed an example of a compatible strictly almost KMer structure on the symmetric 
space Ml3 x Iw and show that the corresponding almost KMer manifold cannot be universal 
almost Hermitian covering of any four-dimensional compact almost KShler manifold ([4]). 
To our knowledge, this is the first example of strictly almost KMer symmetric space. These 
observations naturally lead us to the following problem: 
Problem. Does there exist a compact strictly almost K2ihler locally symmetric space? 
In contrast with the above example, we shall prove the following theorem. 
Main Theorem. A four-dimensional compact almost Kiihler locally symmetric space is a 
Kiihler manifold. 
All manifolds are assumed to be connected and of class Cbo unless otherwise stated. 
2. Preliminaries 
Let M = (M, g, J) be a 2n-dimensional almost Hermitian manifold. We denote by V, R, P, r 
the Levi-Civita connection, the curvature tensor, the Ricci tensor and the scalar curvature of M, 
respectively. Here, we assume that the curvature tensor R is defined by R (X , Y) Z = [Vx , V,] Z - 
Vtx,rlZ, for X, Y, Z E X(M). We shall use the following notational conventions: 
Gjk = g(vXjxj, xk), Rijkl = g(R(Xi, Xj)Xkv XI>, 
Jij = g(JXi9 Xj>, ViJjk = g((vXiJ)xjt xk), 
and so on, where {Xi,. . . , X2,} is a local orthonormal frame field of M. We denote by p* and 
t* the Ricci *-tensor and the *-scalar curvature defined respectively by 
p*(X, Y) = g(Q*X, Y) = trace(Z H R(X, JZ)JY), 
t* = trace Q*, 
where X, Y, Z E X(M). An almost Hermitian manifold is said to be *-Einstein if the Ricci 
*-tensor p* is a constant multiple of the Riemannian metric g. By using the first Bianchi identity, 
we have 




5* = -4 
c Jab Rabij Jij - 
a,b.i,j=l 
Particularly, in case M = (M, J, g) is an almost KMer manifold, the following equality is 
known ([S]): 
llVJ11* = 2(t* - t). (2.1) 
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This implies that an almost KZhler manifold is a KMer manifold if and only if the *-scalar 
curvature coincides with the scalar curvature. 
It is obvious that the 2n x 2n matrix (Jij) is skew-symmetric and orthogonal, that is, the 
equalities Jij = -.lji, C:=i JikJjk = Sij hold for 1 < i, j 6 2n. Especially, in four-dimensional 
case, we may easily observe that the 4 x 4 matrix (Jij) is locally of the form 
or 
0 Jlz 513 J14 
-512 0 514 - 513 
-J13 -J14 0 J12 
-J14 J13 -512 0 
0 512 J13 J14 
-512 0 -514 J13 
-513 J14 0 -J12 (II:) 
-514 -J13 512 0 
with 5122 + JF3 + Jf4 = 1. Since M is connected, for an oriented orthonormal frame field 
compatible with a given orientation of M, the corresponding 4 x 4 matrix (Jii) takes one of the 
forms (I), (II) on whole M. By local orthonormal frames we shall mean always the oriented ones 
which are compatible with a given orientation. 
3. Proof of the Main Theorem 
We denote by P(c), NP(-c), Rn, U”(c), CH2(-c) n-dimensional sphere of constant 
sectional curvature c, n-dimensional hyperbolic space of constant sectional curvature -c, II- 
dimensional Euclidean space, complex projective plane with the Fubini-Study metric of constant 
holomorphic sectional curvature c and complex hyperbolic plane with the Bergman metric of 
constant holomorphic sectional curvature -c respectively, where c is a positive constant. 
Let & = (M, j, j) be acompact four-dimensional almost K8hler locally symmetric space and 
M = (M, J, g) its universal almost Hermitian covering space. Then, taking account of the result 
due to G.R. Jensen ([2]) and of the well-known fact that S4( 1) does not admit an almost complex 
structure, we see that the covering space A4 must be homothetic to one of the following spaces: 
(i) R4, (ii) W4(-l), (iii) @F’(4), 
(iv) @H2(-4), (v) S2(c2) x S2(1), (vi) S2(c2) x lH12(-l), 
(vii) S2(1) x R2, (viii) W2(-c2) x W2(-l), (ix) W2(-1) x R2, 
(x) S3(l) x R, (xi) W3(-1) x Iw’. 
Since the almost K%hler structures on W4 and @P2(4) are integrable ([6]), an almost Kahler man- 
ifold 2 whose universal almost Hermitian covering is homothetic to JR4 or CP2(4) is a Kahler 
manifold. Since the hyperbolic space W4(-1) cannot admit a compatible almost Kahler struc- 
ture ([3]), we see that there is no four-dimensional almost K8hler manifold whose universal almost 
Hermitian covering is homothetic to lH14(-1). Further, the Riemannian product W3(- 1) x Iw’ 
itself admits an compatible almost KMer structure, but W3 (- 1) x R’ cannot be homothetic to 
almost Hermitian covering space of any four-dimensional compact almost KMer manifold ([4]). 
240 N. Murakoshi, T Oguro, K. Sekigawa 
Thus, the Main Theorem immediately follows from the above argument and following series 
of Propositions l-7. 
Proposition 1. A compact almost Kahler manifold fi = (&f, j, g) whose universal almost 
Hermitian covering is homothetic to (CH*(-4), J, g) is a Kahler manifold. 
Proposition 2. An almost Kahler manifold (S2(c2) x S*(l), J, g) is a Kahler manifold. 
Proposition 3. A compact almost Kahler manifold fi = (h, 5, g) whose universal almost 
Hermitian covering is homothetic to (S*(c*) x W*(- l), J, g) is a Kahler manifold. 
Proposition 4. An almost Kiihler manifold (S*(l) x R*, J, g) is a Kiihler manifold. 
Proposition 5. A compact almost Kiihler manifold &I = (M, j, g) whose universal almost 
Hermitian covering is homothetic to @I*(-c*) x W*(- l), J, g) is a Kahler manifold. 
Proposition 6. A compact almost Kiihler manifold &f = (&f, j, g) whose universal almost 
Hermitian covering is homothetic to (W*(-1) x R*, J, g) is a Kiihler manifold. 
Proposition 7. S3 (1) x IF8 cannot admit a compatible almost Kahler structure. 
In the rest of this paper, we shall prove the above Propositions 1-7. 
Proof of Proposition 1. Let G be a connected, simply connected Lie group with the Lie algebra 
spanned over R by Xi, X2, X3, X4 with multiplication table 
[Xl, x21 = 2x2, 1x1, x31 = X3, [Xl, x41 = x4, 
(3.1) 
[X2, x31 = 0, [X2, x41 = 0, [X3, x41 = 2x2. 
Then, it is known that CH*(-4) is isometric to the Lie group G provided with the left invariant 
Riemannian metric g defined by g(Xi, Xi) = 6ij, 1 < i, j 6 4 ([2]). By (3.1), we have 
r,,, = -r**, = -2, r234 = -r243 = -1, 
r,, = -J-.342 = -1, r414 = -fu1 = -1, 
and are otherwise zero. Moreover, we see that 
I7313 = -r331 = -1, 
fi23 = -&32 = 1, 
R1212 = 4, R3434 = 4, R1313 = 1, R 1414 = 1, R2323 = 1, 
R 2424 = 1, R1324 = 1, RI423 = -1, RI234 = 2, 
and otherwise Rijkt = 0 (UP to sign). 
For the Proposition 1, it suffices to prove that the almost K8hler structure (J, g) on Cc H*( -4) 
is a Kahler structure, i.e., V J = 0. 
First, we assume that the matrix (Jij) is of the form (I). In this case, we can prove that 512 is 
a constant function as follows. By direct calculation, we have 
cV:aJ,2 = cx,&J12 - J&J12 - x3J23 + X3J14 - x4J24 - X4J13 
- 4512 + 4J34 + 514 - J23 - J13 - 5~ 
= 
c G&J12 -4XlJ12 = AJl2, 
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where A denotes the Laplacian of M. On one hand, by semi-Kahler condition c%=, V, Jaj = 0, 
j = 1,2,3,4,wehave 
= -45,~ + 4J34 = 0. 
Thus, the function 512 is harmonic. Since t* = -i c JabRabij J;j = -24 Jf2, it follows that 
As* = -48(J12AJ12 + 11 grad Ji2)12) = -4811 grad 51~11~ < 0. 
Let rr : A4 -+ fi be the covering projection and t, A the *-scalar curvature and Laplacian of 
A?f respectively. Then, the above inequality implies ai* < 0 on & since Ar’ = ai* o IT, and 
hence i* is constant by compactness of fi. Since t* = i* o rr, the *-scalar curvature r* is also 
constant on M. Thus, it must follow that 512 is constant. 
Now, the almost Kahler condition Gijk Vi Jjk = 0 is equivalent o the following system of 
first order partial differential equations: 
xiJ23 + x2J31 + X3J12 - 3523 = 0, 
XlJ24 + X2J41 + X4J12 - 3J24 = 0, 
X1 534 + X3 54, + X4 513 + 2 J12 - 25% = 0, 
X2 J34 + X3 J42 + X4 523 = 0. 
Taking account of J12 = 534 = constant, J 14 = 523, 513 = - J24, the above system of partial 
differential equations reduces to the following: 
X1 514 - X2J13 = 3J14, X3 J14 - X4 J13 = 0, 
Xl J13 + X2J14 = 3513, X3 J13 + X4 514 = 0. 
Since Jf3 + JF4 = 1 - Jf2 = constant, we have also 
(3.2) 
Jl3Xi Jl3 + J14Xi 514 = 0 (3.3) 
for i = 1,2,3,4. If Jf2 = 1 (and hence Jt3 = J14 = 0), then we see immediately that V J = 0. 
We next suppose that J:, # 1. Then, from (3.2) and (3.3), we have 
X1 J13 = 0, X1 514 = 0, X2J13 = -3J14, X2J14 = 3J13, 
X3 513 = 0, X3 J14 = 0, X4J13 = 0, X4J14 = 0, 
and hence Vi 513 = 0 and V; 514 = 0 for i = 1,2, 3,4. We see immediately that Vi Ji2 = 0 for 
i = 1, 2,3,4. Therefore, we can conclude that V J = 0. 
Next, we suppose that (Jii) is of the form (II). In this case, it is straightforward to verify that 
the almost Kahler manifold @H2(-4) is Einstein and *-Einstein, and hence M is also Einstein 
and *-Einstein. Since fi is compact, 2 is a Kahler manifold ([7]). Thus, by (2.1), *-scalar 
curvature i* must coincide with the scalar curvature of it?. This implies t* = r. But, because 
of r* = -8 and t = -24, this is absurd. Therefore, there is no case where the matrix (Jij) is of 
the form (II). This completes the proof of Proposition 1. •i 
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Proof of Proposition 2. Let {Xi, X2}, {X3, X4) be a local orthonormal frame field of S2 (c2) and 
S2 (1) respectively. Then, it follows immediately that all the components of the curvature tensor 
Rijkl are equal to zero except for Ri2i2 = -c 2, R3434 = -1 (up to sign). By direct calculation 
we have 
t = 2(c2 + l), t* = 2(c2Jf2 + J;d) = 2(c2 + l)Jf,. 
Thus, taking account of (2. l), we have 
0 < t* - t = 2(c2 + l)(Jf, - 1) < 0. 
Then, it follows that JF2 = 1 (and hence J 13 = 514 = 0) everywhere on M and therefore, by 
direct calculation, we have V J = 0. Cl 
Proof of Proposition 3. Let {Xi, X2} be a local orthonormal frame field of S2(c2) and {X3 = 
x3(a/&x3), X4 = x3(8/&4)} be a global orthonormal frame field of W2(-1) = {(x3, x4) E R2 1 
x3 > 0). Then, we see easily that the connection coefficients cj, are all equal to zero except 
for rizi = -fii2, f~i2 = -r’21, lY434 = -f443 = -1. Moreover, it follows immediately that 
Rijk/ = 0 except for Ri2i2 = -c 2, R3434 = 1 (up to sign). By direct calculation, we obtain 
t = 2(c2 - l), r* = 2(c2Jf2 - Ji4) = 2(c2 - 1)Jf2. 
Thus, from (2. l), we have 
0 < t* - t = 2(c2 - l)(J;, - 1). 
If c > 1, then the above inequality implies that Jf2 = 1 (and hence Ji3 = Ji4 = 0) and then 
we have V J = 0. We next suppose (0 <) c < 1. By the same argument as in the proof of 
Proposition 1, we can show that the function 512 is harmonic, and hence we obtain 
A? = 4(c2 - 1) { JIXAJIZ + 11 grad Ji2112} = 4(c2 - 1)ll grad Ji2112 < 0. 
Again, by the same argument as in the proof of Proposition 1, we can prove that Ji2 is constant. 
First, we suppose that the matrix (Jij) is of the form (I). The almost KNer condition 
eijk vi Jjk = 0 together with Ji2 = 534 = constant, 523 = J14 and J% = -513, we have 
the following system of partial differential equations 
X1 514 - x2513 = rl2lJ13 - h2Jl4, X3 J14 - X4 513 = J14, 
X1 513 + x2J14 = -rl2lJl4 - fi12Jl3, X3 513 + X4 J14 = 513. 
(3.4) 
The equality (3.3) is also valid in this case. If JF2 = 1 (and hence Jr3 = Ji4 = 0), then it is 
straightforward to check that VJ = 0. We next suppose that Jf2 # 1. Then, from (3.3) and 
(3.4), we have 
X1 513 = -rl21 Jl4, X1 J14 = fi2lJl3, 
x2Jl3 = fil2J14r x2J14 = -fil2J13r 
X3 513 = 0, X3 514 = 0, 
X4J13 = -J14r X4J14 = J13, 
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and hence, by straightforward calculation, we get Vi Jis = 0 and Vi Ji4 = 0 for i = 1, 2, 3,4. 
We see immediately that Vi Ji2 = 0 for i = 1,2, 3,4. Therefore, in this case, we can conclude 
VJ=O. 
Next, we assume that (Jij) is of the form (II), i.e., J 12 = -534 = constant, J23 = - 514 
and J24 = 513. In this case, the almost KCihler condition Gijk Vi Jjk = 0 is equivalent to the 
following system of partial differential equations 
xl J14 + x2J13 = -rl21J13 - fi12J14v X3 J14 - X4 513 = 5147 
X1 J13 - x2J14 = rl21J14 - r212J13, X3 513 + X4 514 = J13. 
By the similar way as in the case (I), we can also conclude V J = 0. This completes the proof 
of Proposition 3. 0 
Proof of Proposition 4. Let {Xi, X2} be a local orthonormal frame field of S2( 1) and {X3, X4} a 
global orthonormal frame field of R2. Then, all components of the curvature tensor Rijkl (i < j., 
k < I) vanish except for R 12~2 = -1 (up to sign). By a direct calculation, we get 
t+ = 2J;,, T = 2. 
Thus, from (2. l), we have 
0 < t* - t = 2(J;, - 1) < 0. 
Then, it follows that Jf2 = 1 (and hence 513 = J14 = 0) everywhere on M. Therefore, by direct 
calculation, we have V J = 0. Cl 
Proof of Proposition 5. Let {Xi, X2), {X3, X4} be a global orthonormal frame field of W2(-c2) 
and W2(- 1) respectively. By the similar argument as in the proof of Proposition 1, we can 
prove that J12 is a constant function. Thus, we see easily that the almost Kahler condition 
Gijk Vi Jjk = 0 is equivalent o the following system of partial differential equations 









X3 513 + X4J14 = 513 J 
the form (I), 
XI J14 + x2513 = cJ14 
xl J13 - x2J14 = cJ13 
X3 314 - X4 J13 = J14 
X3 513 + X4 514 = 513 I 
if (Jij) is of the form (II). 
In both cases, by the same way as in the proof of Proposition 3, we can conclude V J = 0. Cl 
Proof of Proposition 6. Let {Xl, X2), {X3, X4} be a global orthonormal frame field of W2( - 1) 
and a global orthonormal frame field of R2, respectively. By similar argument as in the proof of 
Proposition 1 we can show that 512 is a constant function. Thus, we see easily that the almost 
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Kahler condition fiijk Vi Jjk = 0 is equivalent o the following 
equations 
system of partial differential 
X1 514 - X2J13 = 514 
XI J13 + X2J14 = J13 
1 
X3 514 - X4 J13 = 0 
I 
if (Jij) is of the form (I), 
X3 513 + X4 J14 = 0 
and 
X1 514 + X2 513 = J14 
1 
X1 513 - X2J14 = J13 
X3J14 - X4J13 = 0 
I 
if (Jij) is of the form (II). 
X3 J13 + X4 J14 = 0 
In both cases, by the same way as in the proof of Proposition 3, we can conclude V J = 0. Cl 
Proof of Proposition 7. We suppose that S3 (1) x lR admit a compatible almost K%hler structure 
(J, g). Let {Xi, X2, X3}, {X4} be a global orthonormal frame field of S3(1) = SU(2) and a 
global unit vector field of Iw’ respectively. Since Ri212 = R1313 = R2323 = -1 and otherwise 
Rijkl = 0 (up to sign), by a straightforward computation, we get 
t =6, t* = 2(J;, + JF3 + J;3) = 2(J;, + Jf3 + Jf4) = 2. 
Then, from (2. l), we have 
0 < t* - t = -4 < 0. 
But. this is a contradiction. 0 
This completes the proof of the Main Theorem. 
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